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ASYMPTOTIC BEHAVIOR OF SOLUTIONS TO ELLIPTIC AND
PARABOLIC EQUATIONS WITH UNBOUNDED COEFFICIENTS
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Dedicated to Professor Matthias Hieber on the occasion of his 60th birthday
Abstract. We study an asymptotic behavior of solutions to elliptic equations
of the second order in a two dimensional exterior domain. Under the assump-
tion that the solution belongs to Lq with q ∈ [2,∞), we prove a pointwise
asymptotic estimate of the solution at the spatial infinity in terms of the be-
havior of the coefficients. As a corollary, we obtain the Liouville-type theorem
in the case when the coefficients may grow at the spacial infinity. We also
study a corresponding parabolic problem in the n-dimensional whole space
and discuss the energy identity for solutions in Lq. As a corollary we show
also the Liouville-type theorem for both forward and ancient solutions.
1. Introduction
We consider an elliptic differential equation of the second order with the diver-
gence form such as
−
2∑
i,j=1
∂i(aij(x)∂ju) + b(x) · ∇u+ c(x)u = 0, x ∈ Ω(1.1)
where Ω is the whole plane R2 or an exterior domain Ω = Br0(0)
c
= {x ∈ R2; |x| =
r ≥ r0}. Our aim is to clarify how the asymptotic behavior of the coefficients aij(x)
and b(x), in particular, their growth conditions at infinity, has an influence to the
asymptotic behavior of solution u(x) of (1.1) as |x| → ∞. Our study is motivated
by investigation of the asymptotic behavior of solutions to the stationary Navier-
Stokes equations { −∆v + (v · ∇)v +∇p = 0,
div v = 0,
x ∈ Ω.(1.2)
By the pioneer work of Leray [15], the existence of solutions (v, p) of (1.2) with the
finite Dirichlet integral ∫
Ω
|∇v(x)|2 dx <∞(1.3)
had been proved. Then, Gilbarg-Weinberger [8], Amick [1], and Korobkov-Pileckas-
Russo [11, 12] studied the asymptotic behavior of solutions satisfying (1.3). They
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proved that the solution v to (1.2)–(1.3) converges to a constant vector v∞ uniformly
at infinity, i.e.,
lim
r→∞ supθ∈[0,2pi]
|v(r, θ) − v∞| = 0,
where (r, θ) denotes the polar coordinates. A basic approach to the analysis of (1.2)
is to handle the vorticity ω = rot v = ∂x1v2 − ∂x2v1 which satisfies the equation
−∆ω + v · ∇ω = 0.(1.4)
In our previous result [14], we studied the asymptotic behavior of solutions ω to
(1.4) with the finite generalized Dirichlet integral∫
Ω
|∇v(x)|q dx <∞(1.5)
for some q ∈ (2,∞). Note that (1.5) implies ω ∈ Lq(Ω). Indeed, it is proved in [14]
that the vorticity ω and the gradient ∇v of the velocity behave like
|ω(r, θ)| = o(r−( 1q+ 1q2 )), |∇v(r, θ)| = o(r−( 1q+ 1q2 ) log r) as r →∞,
respectively. The crucial point is to regard the velocity v(x) as a given coefficient in
the equation (1.4) and to analyze how the asymptotic behavior of v(x) does affect
that of ω. In this respect, the problem (1.1) may be regarded as a generalization
of (1.4).
In this paper, we generalize the result of [14] to the elliptic equation (1.1), and
prove the asymptotic behavior of solutions at the spatial infinity under the assump-
tion that u ∈ Lq(Ω) with some q ∈ [2,∞). In particular, we are interested in the
case when the coefficients aij , b may grow at spatial infinity.
Our precise assumptions and results are the following.
Assumptions on the coefficients for the elliptic problem (1.1)
(e-i) aij ∈ C1(Ω), aij = aji for i, j = 1, 2 and
2∑
i,j=1
aij(x)ξiξj ≥ λ|ξ|2 (ξ ∈ R2, x ∈ Ω)
with some λ > 0. The growth condition
|aij(x)| = O(|x|α), |∂iaij(x)| = O(|x|α−1) (|x| → ∞)
is satisfied for i, j = 1, 2 with some α ∈ [0, 2].
(e-ii) b(x) = (b1(x), b2(x)) ∈ C1(Ω) satisfies
b(x) = O(|x|β) (|x| → ∞)
with some β ≤ 1.
(e-iii) c(x) is measurable and nonnegative.
(e-iv) Either following condition (1) or (2) holds:
(1) divb(x) ≤ 2c(x),
(2) | divb(x)| = O(|x|β−1) (|x| → ∞).
Our first result on the elliptic equation (1.1) now reads
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Theorem 1.1. Let the assumptions (e-i)–(e-iv) above hold. Suppose that that u ∈
C2(Ω) satisfies (1.1) in Ω and that u ∈ Lq(Ω) with some q ∈ [2,∞). Then, we have
that
(1.6) sup
0≤θ≤2pi
|u(r, θ)| = o(r− 1q (1+γ2 )) as r→∞,
where γ = min{1− β, 2− α}.
Remark 1.1. When α = 0 and β ≤ −1, we have
sup
0≤θ≤2pi
|u(r, θ)| = o(r− 2q ) as r →∞,
which exhibits the correspondence to the condition u ∈ Lq(Ω).
As a corollary of the above theorem, we have the following Liouville-type result.
Corollary 1.2. Assume (e-i)–(e-iv). Let Ω = R2 and let u ∈ C2(R2) be a solution
to (1.1) satisfying u ∈ Lq(R2) with some q ∈ [2,∞). Then, it holds that u ≡ 0 on
R
2.
Remark 1.2. The above corollary is sharp in the sense that if q = ∞, then there
exists a solution u of (1.1) which is not a constant. Indeed, let aij(x) = δij,
b(x) = (−x1, x2) (namely, β = 1), and c(x) ≡ 0. Consider u = u(x1, x2) = f(x1)
with
f(τ) =
∫ τ
0
e−s
2/2 ds, τ ∈ R.
It is easy to see that u ∈ L∞(R2) with −∆u+b(x) · ∇u = 0 in R2. Obviously, u is
not a constant.
Remark 1.3. For the elliptic equation (1.1) with Ω = Rn and n ≥ 1, the result by
Seregin-Silvestre-Sˇvera´k-Zlatosˇ [17, Theorem 1.2] implies a Liouville-type theorem
under the conditions that aij is bounded, b ∈ BMO−1 with divb = 0, and that c ≡
0, namely, every bounded solutions are constants. Compared with their theorem,
our result allows the coefficients aij , b to grow at spacial infinity. On the other
hand, we impose on the stronger assumption on the solution such as u ∈ Lq(Ω)
with some q ∈ [2,∞)
Remark 1.4. The above corollary may be regarded as a generalization of [14,
Corollary 1.2], which states that every smooth solution v of (1.2) in R2 satisfying
the condition∇v ∈ Lq(R2) for some q ∈ (2,∞) must be a constant vector. Recently,
Liouville-type theorems of the stationary Navier-Stokes equations are fully studied,
and we refer the reader to [2, 4, 5, 6, 9, 13, 16] and the references therein.
The proofs of Theorem 1.1 and Corollary 1.2 are given in the next section. Our
approach is based on that of Gilbarg and Weinberger [8] and its generalization
introduced in [14]. We first show a certain elliptic estimate of the solution u by
the energy method (Lemma 2.1). Then, combining it with the integral mean value
theorem for the radial variable r and the fundamental theorem of calculus for the
angular variable θ, we derive a pointwise decay estimate of the solution along with
a special sequence {rn}∞n=1 of the radial variable satisfying lim
n→∞
rn =∞. Finally,
applying the maximum principle in the annular domains between r = rn−1 and
r = rn, we have the desired uniform decay like (1.6)(Lemma 2.2).
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Furthermore, our approach is also applicable to parabolic problems. We discuss
energy estimates of solutions to the corresponding parabolic equation in the n-
dimensional whole space Rn;
∂tu−
n∑
i,j=1
∂i(aij(x, t)∂ju) + b(x, t) · ∇u+ c(x, t)u = 0, x ∈ Rn, t ∈ I,(1.7)
where I ⊂ R is an interval. We impose similar assumptions on the coefficients
aij(x, t), b(x, t) and c(x, t), on the premise that they are measurable functions on
R
n × I:
Assumptions on the coefficients for the parabolic problem (1.7)
(p-i) aij ∈ C1,0(Rn × I), aij = aji for i, j = 1, · · · , n and
n∑
i,j=1
aij(x, t)ξiξj ≥ λ|ξ|2 (ξ ∈ Rn, x ∈ Rn, t ∈ I)
with some λ > 0. The growth condition
|aij(x, t)| = O(|x|2), |∂iaij(x, t)| = O(|x|) (|x| → ∞)
holds locally uniformly in t ∈ I.
(p-ii) b(x, t) = (b1(x, t), . . . , bn(x, t)) ∈ C1,0(Rn × I) satisfies
b(x, t) = O(|x|) (|x| → ∞)
locally uniformly in t ∈ I.
(p-iii) c(x, t) is nonnegative, and divb(x, t) =
∑n
j=1 ∂xjbj(x, t) ≤ 2c(x, t) holds
for all (x, t) ∈ Rn × I.
Under these assumptions, we show the following energy identity for solutions
belonging to Lq(Rn × I).
Theorem 1.3. Assume (p-i) and (p-ii). Let u ∈ C2,1(Rn×I) be a solution to (1.7)
satisfying u ∈ Lq(Rn × I) with some q ∈ [2,∞). Then, we have the energy identity
∫
Rn
|u(x, t)|q dx+ q(q − 1)
∫ t
s
∫
Rn
|u(x, τ)|q−2
n∑
i,j=1
aij(x, τ)∂iu(x, τ)∂ju(x, τ) dxdτ
(1.8)
+
∫ t
s
∫
Rn
(− divb(x, τ) + qc(x, τ))|u(x, τ)|q dxdτ
=
∫
Rn
|u(x, s)|q dx
for all t, s ∈ I such that s ≤ t.
Remark 1.5. In Theorem 1.3, we do not need the assumption (p-iii).
By Theorem 1.3, we have the following Liouville-type results on solutions of the
Cauchy problem of (1.7) and on ancient solutions of (1.7).
Corollary 1.4. In addition to (p-i) and (p-ii), assume that (p-iii) holds.
(i) Let u ∈ C2(Rn × [0, T )) be a solution of (1.7) satisfying u ∈ Lq(Rn × [0, T ))
with some q ∈ [2,∞). Moreover, we assume that u(x, 0) ≡ 0 on Rn. Then, we have
u ≡ 0 on Rn × [0, T ).
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(ii) Let u ∈ C2(Rn×(−∞, 0)) be an ancient solution of (1.7) satisfying u ∈ Lq(Rn×
(−∞, 0)) with some q ∈ [2,∞). Then, we have u ≡ 0 on Rn × (−∞, 0).
Remark 1.6. For the heat equation ∂tv − ∆v = 0 on a complete noncompact
Reimannian manifold with the nonnegative Ricci curvature, Souplet–Zhang [18]
proved that any positive ancient (or entire) solution u having the bound
u(x, t) = O(eo(d(x)+
√
t)) as d(x)→∞
must be a constant, where d(x) is the distance from a base point. They also proved
that any ancient (or entire) solution u having the bound
u(x, t) = o(d(x) +
√
t) as d(x)→∞
must be a constant. Compared with their result, we are able to treat more general
time-dependent coefficients which may grow at the spatial infinity. On the other
hand, we impose solutions u on the stronger assumption that u ∈ Lq(Rn × I) with
some q ∈ [2,∞).
Remark 1.7. The Liouville-type theorem for the non-stationary Navier-Stokes
equations {
∂tv −∆v + (v · ∇)v +∇p = 0,
div v = 0,
(x, t) ∈ Rn × I
has been fully studied, where I = (0, T ) or I = (−∞, 0). We refer the reader to
[10, 3, 7] and the references therein.
2. Proof of Theorem 1.1
In what follows, we shall denote by C various constants which may change from
line to line. In particular, we denote by C = C(∗, ..., ∗) constants depending only
on the quantities appearing in parentheses.
Lemma 2.1. Under the assumptions on Theorem 1.1, for every r1 > r0, we have∫
r≥r1
rγ |u|q−2|∇u|2 dx ≤ C(q, r1)
∫
Ω
|u|q dx,
where γ = min{1− β, 2− α}.
Proof. Let η = η(r) ∈ C∞0 (Ω) and let h = h(u) ∈ C1(R) be a piecewise C2 function
specified later. We start with the following identity:
−
2∑
i=1
∂i

η(r) 2∑
j=1
aij∂j(h(u))−
2∑
j=1
aij(∂jη)h(u)− η(r)h(u)bi(x)


= −η(r)h′′(u)

 2∑
i,j=1
aij∂iu∂ju


+ h(u)

 2∑
i,j=1
∂j(aij∂iη) + b(x) · ∇η(r) + η(r) div b


− η(r)h′(u)

 2∑
i,j=1
∂j(aij∂iu)− b · ∇u


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Since u satisfies the equation (1.1), integration of the above identity over Ω yields
∫
Ω
η(r)h′′(u)

 2∑
i,j=1
aij∂iu∂ju

 dx = ∫
Ω
h(u)

 2∑
i,j=1
∂j(aij∂iη) + b(x) · ∇η(r)

 dx
+
∫
Ω
η(r)(h(u) div b(x) − h′(u)c(x)u) dx.
Let r1 > r0 and let ξ1 = ξ1(r) ∈ C∞(Ω) be nonnegative, monotone increasing in
r, and satisfy ξ(r) = 1 for r ≥ r1 and ξ(r) = 0 for r ≤ (r0 + r1)/2. Let ξ2 =
ξ2(r) ∈ C∞0 (B1(0)) be nonnegative, monotone decreasing, and satisfy ξ2(r) = 1 for
r ≤ 1/2. We choose the cut-off function η(r) as
η(r) = rγξ1(r)ξ2
( r
R
)
,
with the parameter R ≥ 1, where γ = min{1− β, 2−α}. Then, we have |∇η(r)| ≤
Crγ−1, |∂i∂jη(r)| ≤ Crγ−2. Now, we take h(u) = |u|q. Then, it holds that h′(u) =
q|u|q−2u and h′′(u) = q(q − 1)|u|q−2. Therefore, we obtain
q(q − 1)
∫
Ω
η(r)|u|q−2

 2∑
i,j=1
aij(x)∂iu∂ju

 dx(2.1)
=
∫
Ω
|u|q

 2∑
i,j=1
∂i(aij(x)∂jη) + b(x) · ∇η

 dx
+
∫
Ω
η(divb(x) − qc(x))|u|q dx.
By the assumptions (e-i) and (e-ii), the estimates
|b(x) · ∇η(r)| ≤ C,
|aij(x)∂i∂jη(r)| ≤ C, |∂iaij(x)∂jη(r)| ≤ C, i, j = 1, 2
hold, and hence the first term of RHS of (2.1) is estimated by C
∫
Ω
|u|q dx. Fur-
thermore, since c(x) ≥ 0, implied by the assumption (e-iii), we have by (e-iv) that
divb(x)− qc(x) ≤ 0 or |η divb| ≤ C, and hence,∫
Ω
η(divb(x) − qc(x))|u|q dx ≤ C
∫
Ω
|u|q dx
holds in both cases. Thus, we obtain from the above estimates and the assumption
(e-i) that ∫
r1≤r≤R/2
rγ |u|q−2|∇u|2 dx ≤ C
∫
Ω
|u|q dx.
Letting R→∞, we conclude∫
r≥r1
rγ |u|q−2|∇u|2 dx ≤ C
∫
Ω
|u|q dx.
This completes the proof of Lemma 2.1. 
Lemma 2.2. Under the assumptions on Theorem 1.1, we have
lim
r→∞
r1+
γ
2 sup
θ∈[0,2pi]
|u(r, θ)|q = 0.
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Proof. For each sufficiently large integer n, let us introduce the quantity
An =
∫ 2n+1
2n
dr
r
∫ 2pi
0
|u|q−2
(
r2|u|2 + r1+ γ2 |u||∂θu|
)
dθ.
Since |∂θu| ≤ r|∇u|, we have by Lemma 2.1 and the the Schwarz inequality that
An ≤ C
∫
2n<r<2n+1
(|u|q + rγ |u|q−2|∇u|2) dx.
On the other hand, by the mean value theorem for integration, there exists rn ∈
(2n, 2n+1) such that
An = log 2
∫ 2pi
0
|u(rn, θ)|q−2(r2n|u(rn, θ)|2 + r1+
γ
2
n |u(rn, θ)||∂θu(rn, θ)|) dθ.
Next, we estimate
|u(rn, θ)|q − |u(rn, ϕ)|q ≤
∣∣∣∣∣
∫ θ
ϕ
∂ψ|u(rn, ψ)|q dψ
∣∣∣∣∣
≤
∫ 2pi
0
q|u(rn, ψ)|q−1|∂θu(rn, ψ)| dψ.
Integrating the above for ϕ ∈ [0, 2pi], we infer
|u(rn, θ)|q ≤ C
∫ 2pi
0
|u(rn, ϕ)|q dϕ+ C
∫ 2pi
0
q|u(rn, ψ)|q−1|∂θu(rn, ψ)| dψ.
Multiplying both sides of this estimate by r
1+ γ
2
n and then noting 1+
γ
2 ≤ 2, we have
that
r
1+ γ
2
n |u(rn, θ)|q ≤ Cr1+
γ
2
n
∫ 2pi
0
|u(rn, ϕ)|q dϕ
+ Cr
1+ γ
2
n
∫ 2pi
0
q|u(rn, ψ)|q−1|∂θu(rn, ψ)| dψ
≤ CAn,
Consequently, we obtain
r
1+ γ
2
n |u(rn, θ)|q ≤
∫
r>2n
(|u|q + rγ |u|q−2|∇u|2) dx.
Since the right-hand side of the above inequality tends to zero as n→ ∞, implied
by Lemma 2.1, we have that
(2.2) lim
n→∞
r
1+ γ
2
n sup
θ∈[0,2pi]
|u(rn, θ)|q = 0.
Finally, since the solution u of (1.1) satisfies the maximum principle and since
rn+1 ≤ 4rn, we estimate for r ∈ (rn, rn+1) that
r1+
γ
2 sup
θ∈[0,2pi]
|u(r, θ)|q
≤ r1+
γ
2
n+1 max{ sup
θ∈[0,2pi]
|u(rn, θ)|q, sup
θ∈[0,2pi]
|u(rn+1, θ)|q}
≤ max{16r1+
γ
2
n sup
θ∈[0,2pi]
|u(rn, θ)|q, r1+
γ
2
n+1 sup
θ∈[0,2pi]
|u(rn+1, θ)|q},
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which yields with the aid of (2.2) that
lim
r→∞
r1+
γ
2 sup
θ∈[0,2pi]
|u(r, θ)|q = 0.
This completes the proof of Lemma 2.2, and whence Theorem 1.3. 
Proof of Corollary 1.2. By the assumption (e-i), the equation (1.1) has the maxi-
mum principle. Combining this with the asymptotic behavior from Theorem 1.1,
we have u ≡ 0. 
3. Proof of Theorem 1.3
Let h(u) = |u|q. We take a nonnegative function ψ ∈ C∞0 (Rn) such that
ψ(x) =
{
1 (|x| ≤ 1),
0 (|x| ≥ 2),
and with the parameter R > 0 we define
ψR(x) = ψ
( x
R
)
.
Similarly to the previous section, by a direct computation we have
−
n∑
i=1
∂i

ψR n∑
i=j
aij∂j(h(u))−
n∑
j=1
aij(∂jψR)h(u)− ψRh(u)bi


= −ψRh′′(u)

 n∑
i,j=1
aij∂iu∂ju


+ h(u)

 n∑
i,j=1
∂i(aij∂jψR) + b · ∇ψR + ψR divb


− ψRh′(u)

 n∑
i,j=1
∂i(aij∂ju)− b · ∇u


Using the equation (1.7) and the identity h′(u)∂tu = ∂t(h(u)), we integrate the
above identity over Rn to obtain
d
dt
∫
Rn
ψRh(u) dx+
∫
Rn
ψRh
′′(u)

 2∑
i,j=1
aij∂iu∂ju

 dx
=
∫
Rn
h(u)

 n∑
i,j=1
∂i (aij∂jψR) + b · ∇ψR

 dx+ ∫
Rn
ψR (h(u) divb− ch′(u)u) dx.
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Furthermore, since h′(u) = q|u|q−2u and h′′(u) = q(q − 1)|u|q−2, we integrate the
above identity over [s, t] to obtain
∫
Rn
ψRh(u(t)) dx+ q(q − 1)
∫ t
s
∫
Rn
ψR|u|q−2
n∑
i,j=1
aij∂iu∂ju dxdτ(3.1)
+
∫ t
s
∫
Rn
ψR(− divb+ qc)|u|q dxdτ
=
∫
Rn
ψRh(u(s)) dx
+
∫ t
s
∫
Rn
h(u)

 n∑
i,j=1
∂j (aij∂iψR) + b · ∇ψR

 dxdτ.
Let us estimate the right-hand side. Using the assumptions (p-i) and (p-ii), and
then applying the Lebesgue dominated convergence theorem, we have that
∫ t
s
∫
Rn
h(u)
n∑
i,j=1
∂j (aij∂iψR) dxdτ
≤ CR−2
∫ t
s
∫
B2R\BR
|u|q|x|2 dxdτ + CR−1
∫ t
s
∫
B2R\BR
|u|q|x| dxdτ
≤ C
∫ t
s
‖u(·, τ)‖qLq(B2R\BR) dτ
→ 0 (R→∞)
and
∫ t
s
∫
Rn
h(u)b · ∇ψR dxdτ ≤ CR−1
∫ t
s
∫
B2R\BR
|u|q|x| dxdτ
≤ C
∫ t
s
‖u(·, τ)‖qLq(B2R\BR) dτ
→ 0 (R→∞).
Consequently, letting R→∞ in (3.1), we obtain
∫
Rn
|u(x, t)|q dx+ q(q − 1)
∫ t
s
∫
Rn
|u(x, τ)|q−2
n∑
i,j=1
aij(x, τ)∂iu(x, τ)∂ju(x, τ) dxdτ
+
∫ t
s
∫
Rn
(− divb(x, τ) + qc(x, τ))|u(x, τ)|q dxdτ
=
∫
Rn
|u(x, s)|q dx.
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Proof of Corollary 1.4. (i) Applying Theorem 1.3 with s = 0 and using u(x, 0) = 0,
we have by the assumption (p-i) that∫
Rn
|u(x, t)|q dx+ q(q − 1)λ
∫ t
0
∫
Rn
|u(x, τ)|q−2|∇u(x, τ)|2 dxdτ
+
∫ t
0
∫
Rn
(− divb(x, τ) + qc(x, τ))|u(x, τ)|q dxdτ
≤ 0
for all t ∈ [0, T ). Noting − divb + qc ≥ 0 by the assumption (p-iii), we conclude
u(x, t) = 0 for (x, t) ∈ Rn × [0, T ).
(ii) Let I = (−∞, 0). Similarly to the above (i), applying Theorem 1.3 for
s < t < 0, we have by the assumption (p-iii) that
‖u(t)‖Lq ≤ ‖u(s)‖Lq .(3.2)
Since u ∈ Lq(Rn × (−∞, 0)), there exists a sequence {sn}∞n=1 ⊂ (−∞, 0) such that
limn→∞ sn = −∞ and limn→∞ ‖u(sn)‖Lq = 0. Therefore, taking s = sn in (3.2)
and then letting n→∞, we have ‖u(t)‖Lq = 0. Since t ∈ (−∞, 0) is arbitrary, we
conclude that u ≡ 0 on Rn × (−∞, 0). This proves Corollary 1.4. 
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